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Chapter 1

Preliminary chapter.

1.1 Introduction

In this Chapter we shall introduce two basic tools for the study of partial differ-
ential equations (PDE). Namely, we start with the Fourier transform. We shall
avoid a complete and detailed representation of the theory of Fourier transform
and Sobolev spaces. Nevertheless, we shall underline only the points, which are
important for a further study of PDE.

The reader can use [45], [22] , [44] [6] for more detailed information about
the space of distributions, Fourier transform and the convolution.

1.2 Gauss - Green formula for domains with smooth
boundaries in R”.

Our goal is to recall the classical Gauss Green formula valid for any open do-
main Q in R” with smooth (or C?) boundary 09). Given any n continuous func-
tion

F(x) = (f1(x),---, fu(x))
in the closure of Q such that all first derivatives of fi(x) are well defined and
continuos one has the formula

(1.2.1) f V.F(x)dx = N.F(x)dSy,
Q 0Q

where F(x) = (f1(x),---, fn(x)),
V.F=01fi(X)+ 02 fo(x) + -+ +0y fn(x).

Recall also that N(x) is the unit outern normal at x € 00, while d S, is the surface
element on 00.



Recall that for any surface 00 < R” defined (even locally) by
(1.2.2) 0Q: x, =y (x'),x = (x1,., Xp_1) ER™!

one can define the corresponding surface element

dS, =1\/1+|Vy(x)|2dx'.

Remarks on Riemannian metric associated with the surface
The Riemannian metric

(1.2.3) dl*> = (dx)? +dx’

induces on 0Q2 a Riemannian metric. More precisely, the metric induced by the
embedding 0Q2 c R" is

n-1 . .
(1.2.4) ds* = (dlpa)* = Y. gijdx'dx’,
i,j=1
where
oy oy
1.2.5 ii=0ii+——.
( ) g” Y ax,- ax]-

Problem 1.2.1. Prove that
g=det(g;;) =1+|Vy/|°.
The unit vector normal N(x) to 00 at the point (x, ¥ (x)) € Sis
(1, -Vy(x))

V1+|Vyl?

The second quadratic form on 00 is

N(x) =

n . .
Z b,-jdxldxf,
ij=1
where
Ox,; 0x, W (x)
bij(x) = — ihd

V1+|Vy|? '
Now the Gauss curvature K(x) is

_ detb;; det(VZy)
B detg;; 1+ |V|2)1+(n=D/2°

(1.2.6) K(x)



Example 1. (Model of sphere of radius 1.) A special case of a surface is the
sphere

Sy x, = /1 X2,
Then one can solve the following
Problem 1.2.2. Prove that
(1.2.7) K(x)=1.
The coefficients of the Riemannian metric (1.2.4) are
(1.2.8) gij=—06i;+1—Ix*)x;x;
according to (1.2.5) and (1.2.7). Using Problem 1.2.1. one can prove

Problem 1.2.3. Prove that

(129) g= det(gi]-) = m
and find the matrix inverse to g .

Applications: Set
E(u):f IVul®dx.
[Rﬂ

This functional is well defined for u € Cg°(R"). The critical points of the func-
tional are such that for any k € C;°(R") we have

d
— (E(u+¢€h)) |g=0=0.
de

Since
E(u+£h):E(u)+2£Ref f(Vu,Vh)dx+O(82),
[Rn

we see that u is a critical point, if and only if
Re fn@n f(Vu,Vh)dx =0,
Applying the Gauss - Green formula we get
Re fRanuhdx:O, Vhe CPR").

This relation implies
Au=0.



Problem 1.2.4. Show that if u € C° and Au =0, then u =0.

The functional E(u) defined above satisfies some invariance properties
(invariance by translation) E(u) = E(t,u), T,u(x) =u(x+v), ve R"

(invariance by rotation) E(u) = E(A*u), A*u(x) = u(Ax), A€ SO(n).
(rescaling properties) E(Syu) = A(Z_”)/ZE(LL), Spu(x) =uldx), A>0.

The closure of C3° functions with respect to the norm
1/2
( IVul®d x)
Rn

is called Dirichlet space H' (R"). he closure of Cy° functions with respect to the

norm
1/2
( |Vu|2dx+f |u|2)
Rn [R}’Z

is called Sobolev space space H'! (R").

1.3 Interpolation

1.3.1 Preliminary facts about holomorphic functions

Let C be the complex plane and let U < C be an open domain in this plane. Any
point z € U can be represented as

z=x+1),
where x, y are real numbers. A function
f:U—-C
is C1(U) if the partial derivatives
Oxf(x+iy),0,f(x+1iy)

exist and are continuous functions. Of special interest are the vector fields
1 .

and

1
0:= 0y +i0)y).



IffeC L), then f is called holomorphicin U, if satisfies the equation
0:f(2)=0, zeU.

One can see that a function f: U — Cis holomorphicin U if and only if

lim flz+h) - f(2)
h—0 h

exists forany z € U.

The mostimportant formula in the elementary theory of holomorphic func-
tions is the Cauchy theorem and the Cauchy formula.

Let I' be a closed path in U and let z € C be a point such that I does not pass
through z. Then the index of z with respect to I' is

1 d¢
Ind =— | —.
r(e 2niJr{—z

The Cauchy theorem states that if I' is closed path in U such that Indr(w) =0
for any w outside U, then

(1.3.1) fr f@Qdg=0
for any function holomorphic in C. The corresponding Cauchy formula is
1 (O
1.3.2 =— | =—dC.
( ) f(2) il =z ¢

The condition Indr(w) = 0 for w outside U is fulfilled for the case U is simply
connected.

Also in the case of a simply connected domain U with smooth boundary 0U
for any function holomorphic in U and continuos in the closure of U we have
the corresponding Cauchy formula

1,

:Zni aul—z

(1.3.3) f@) ¢.
Applying for example the above formula for {z,|z — zy| < 8} < U, we obtain
the estimate

MK!
(1.3.4) 105 f (20)| < o

where
M= sup |[f(2)l.

|z—z0|=0



This estimate guarantees that the formal Taylor series

Y 0% f(z0) (2 z0)F 1 K!
k=0

converges absolutely and uniformly for |z — zy| sufficiently small and moreover
the series coincides with f(z) for z sufficiently close to zy. If k = 0 the inequality
in (1.3.4) gives the maximum principle

If(zo)l= sup [f(2)],

|z—z9|=0

so taking zj to vary in a fixed disc |z| < R and choosing suitably 6 > 0 one can
solve the following.

Problem 1.3.1. If f(z) is holomorphic in the disc |z| < R and continuous in the
closure of the disc, then

|gll;l;?clf(zn =|r§|13;§|f(Z)l.

1.3.2 1l teorema di Riesz-Thorin

Lemma 1.3.1 (delle tre rette). Siano date due rette parallele in C, siano esse [ e
Iy esia ) la striscia aperta di piano compresa tra le due rette. Sia f : Q) — C una
funzione continua tale che f|q sia olomorfa. Supponiamo che

co =suplfl<oo, ¢ =suplfl<oo
ll ll

e supponiamo che esistano due costanti reali positive a e C tali che
2 J—
If(2)] < Ce”™  (vzeQ).

Allora, per ognirettal parallela a ly el e tutta contenuta in (2, esiste un numero
0 €(0,1) tale che

1-6 .0
suplfl=<c, " c.
!

Dimostrazione. Osserviamo che, a meno di diffeomorfismo, possiamo sup-
porre
lp={Rez=0} e [j={Rez=1}.

Iniziamo col provare che, per ogni 0 € (0,1), posta lg = {Re z = 0},

co = sup|f| <max(cy, c1).
lg



Fissato a’ > a, si ponga
/1,2
g(2) = f(2)e"* .
Sez=x+iyconxe[0,1] e|y| =2, possiamo usare le stime

Re (alz* +d'z") = a(x* +y) +d (x* -y ) < C—(d' - a)y*.

Prendendo |y| — oo, otteniamo
2 /2
Re (alz|*+a'z") _ 0.

lim [g(2)] < lim Ce
|z|—o0 |z] =00

Si ponga
Qr={z€C:0< Rez<1,[Sz| <R}.

Denotiamo con I'g la frontiera di Qg. Poiché Qr € compatto, per il teorema di

Weierstral3, esiste un punto zy appartenente a Q tale che

|g(zp)] :néa;XIgI.

Supponiamo che z, non appartenga alla frontiera 'y di Qp, ossia zg € Qg. Al-
lora esiste una palla B = B(zj, o) massima possibile (ossia tale che BNI'r # @)

tale che B < Qp. Per ogni 7 < p,

g2) =) calz—20)"

n=0

e, detto z = zy + re'?,
g2 =Y cyr'e

n=0

e quindi, per I'identita di Parseval,

1 (" . 1 ("
Y lenlPr? = —f g (20 +€')1d0 < —f 18(20)17d0 = |g(20)I* = |col*.
27[ i /2

2 J-

n=0 -

Pertanto

2.2 2
> lenl®r?" < lcol
n=0

e, facendo il limite per r — p,

2 2 2
Y lenl“ 0™ < lcol

n=0

per cui deve necessariamente essere ¢, = 0 per ogni n = 1 e quindi g deve essere
costantemente ¢y su B cioe, essendo BN TI'g, deve esistere z; € I'y tale che

g(z1) :né%XIgI.
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Da cio0 segue che
Ig(2)| < max|g(w)|  (VzeQp)
wel'g

e, al limite per R — oo,

lg(2)| = maX(suplgI,supIgl)
Iy

I

ed in particolare

suplgl=suplg@+it)| smax(suplgl,suplgl).

Iy teR lo I
Ricordato, adesso, che g(z) = f (z)ea/zz, si ha
| £(0)] < max(co, ¢1)
e lo stesso argomento per ogni y € R ci da
|f(6+iy) <max(co,c1)
cosi abbiamo

sup|fl=supl|f(@+it) <max(co,c1).
lg teR

Consideriamo, adesso, per ognie >0 e ogni 1 € R,

f;"/l(z) — e€Z2+/12f(Z).

Allora

. 2 . . _ 2 .
ectr +’”mf(zt)‘ =supe M |f(iD)] < co

sup|fe,al =sup
lo teR

teR

ed inoltre,

L N2 . 2
ee(1+lt) +/1(1+lt)f(1 + it)‘ = sup ee—et +/1|f(+l't)| < e€+/161.

sup|fe,1l =sup
L teR

teR

Pertanto

|fer@+iD)] < max(co, o ee+/l)

ovvero 2
e€(0+lt) +/1(9+zt)f(9 + it)‘ < maX(Co, C1 e€+,1)

e, semplificando |'espressione,

) .
eV =0 £0 4+ ip)| smax(co,cle“’l)
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che equivale a
2_ 42
1f@+it) <e 0t )max(coe_’w, c1 e”’m_g)).
Facendo il limite per € — 0, otteniamo l’espressione,

If@+it)] =< max(coe_w, 6161(1—9)).

A0 A

segliamo A inmodo che cie™" = ¢, eM1-9) gyvero, detto p = e, vogliamo trovare
p in modo tale che cop™? = ¢;p'?, ossia p = i—(l’ cioe A = logﬁ—‘:. Per questo parti-
colare valore di A, il comune valore di cop ™0 e c;p'? & cé_e Cf e quindi

1-6 .0
suplfl<cy, ¢
lg

che prova il lemma. O

Osservazione 1.3.1. Lipotesi centrale del lemma precedente e il fatto che| f(z)| <
Ce®l” Questa ipotesi ¢ essenziale. in effetti, se consideriamo f(z) = e~ "z,
sulle rette {3z = 0} e {Sz = 27} la funzione e limitata ma sulla retta {Sz = n} la
funzione non e limitata.

Problem 1.3.2. If
T:LP°—R
N 2NN .7p ,p l_1-6_ 6
andT:LP* - R, thenT:L R,p p0+p1.
Hint Use Holder inequality and duality of L”.

Theorem 1.3.1 (di Riesz-Thorin). Siano (E,&,u) e (F,%,v) due spazi misurati e
siano py, p1, qo, q1 € [1,00]. Sia T un operatore lineare definito sia su L°(E) che
sue LP1(E) a valori nello spazio delle funzioni misurabili di F e tale che

ITfllgo=Mollfllp, e 1Tgllg =Mlglp,

perogni f € LP°(E) e ogni g € LP'(E). Siano p e q due numeri reali definiti come

segue:
1 1-60 0 1 1—9+6

p p p’ 4 d @
dove@ € (0,1). Allora T é definito sullo spazio di Lebesgue L” (E) e

ITflly<MEOMONFI.
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Dimostrazione. Supponiamo, inizialmente che p < co. Lo spazio delle fun-
zioni semplici su E € denso in L (E). Pertanto

ITflq (KTf, 8
ITlp,q= su , ITfllg= sup ————
pa= 0 T, e S ey
per cui
(Tf, &
”T”p,q: sup u

f,g semplici ”f”p”g”q’
Ne segue che basta dimostrare la disuguaglianza

(1.3.5) ‘ f TFWgwvidy)| <My "Ml flpligly
Y
quando f e g sono funzioni semplici su E e F rispettivamente, cioe

f) =3 ajlgx), gy =) bilg(y).
jes kex

Per 0 < Re z < 1 si definiscano p; e g, come segue:

1 1-z 2z 1 l1-z =z
+

/ /A

p: o p 4. a dq

Se, per ogni fissato indice j€ e ke X, a;j = Iajleigf e b= Ibklei"’k, si ponga

f0 =Y lajiP P eig (x), g =Y b7 % I, (y).
jeg kex

La funzione g, & ben definita finché g’ < co. Se g’ = co allora g = g; = c0
e quindi - = 0 per ogni z. In tal caso poniamo Z—,, =1 per ogni z. Si definisca,

infine, la funzione

F(Z)=foz(y)gz(y)V(dy)= Y cjklaj|P'Pe by 7%
Y je g kex

dove si € posto
Cjk:eiejeiqokfyT([Ej(y))IFk(y)v(dy).

Vogliamo provare che la funzione F verifica le ipotesi del lemma delle tre rette.
Anzitutto F € continua sulla striscia di piano Q = {0 < Re z < 1}. Inoltre,

1y
|F(z)| < Z |cjk|.|aj|Re(p/pz)|bk|Re(q/qz)
jeF kex
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per cui F ¢ limitata su Q. Se t € R, allora

IFG0| < Moll fiell poll Giel g5 -

Se py < 00, allora

Po

= (ILf11,)"""

I fitllpo = ( Y lajlPu(E))
jesg

altrimenti, se pg = oo, il primo e terzo membro sono eguali ad 1. Analogamente

l/ !
Igicllg = (Igllg)? .

Pertanto / "l
IEGOL< Mo(Il£11p)P P (llgllg) "

e, in maniera analoga,
. / 'l
IFL+inl=M(If1,)" " (Ighy)" ™.
Per il lemma delle tre rette, dunque,

1-0

_ 10,6 q|S+
FO1 < MM (1£1,)" U5 ) (g1l ) [+

EXS

) =My O MYIfFliplgly

Siccome fy = fegp=g,siha

FO) = fy Tfngv(dy)

che dimostrala (1.3.5) per p <ocoe g > 1. Nel caso in cui p = o0, allora pg = p; =
oo e, per la disuguaglianza di Hoélder,

-0 0 _
1Tl < (T flge) (1T fllg)" < MEOME Flloo
ovvero la tesi. O

Applicazione del teorema di Riesz - Torin implica la disequazione di Young
(see [44])

(1.3.6) If*glra < flipliglea

for1 < g <o0.Qui
f*g(x)=ff(x—y)g(y)dy.
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In fatti, la stima (1.3.12) é ovvia per g = oo e per g = 1 e dopo l'interpolazione si
ottiene (1.3.12). Si puo generealizzare la seguente versione di (1.3.12)

(1.3.7) If=glies<Ifllerligler

perl/p+1/r=1+1/s.Per r =1 lastima e stata dimostrata in (1.3.12). In parti-
colare, abbiamo

(1.3.8) If*glira=<Ifllpligliea

Per s = oo la disequazione di Holder ci da

If*gllzee < I fll o g1 La-

Interpolazione tra questa stima e (1.3.8) implica (1.3.8).

1.3.3 Density of continuous functions in L'

Let L7 denote the Lebesgue space L9(R").

In this subsection we’ll show that continuous functions with compact sup-
port are dense in L' = L' (R, m).

The support of a complex valued function f on R” is the closure of {x €
R™: f(x) # 0}. We'll denote by C.(R") the set of all complex valued continuous
functions on R” with compact support.

Osservazione 1.3.2. C.(R") c L!
Our goal is to prove

Theorem 1.3.2. For any f € L' and any € > 0 there is a g in C.(R") such that
JIf—gldm<e.

Thus integrable functions can be approximated by continuous functions.
We'll need a special case of Urysohn’s Lemma. The proof is deferred to Subsec-
tion 1.3.4.

Lemma 1.3.2. Let X be any locally compact metric space, and let Let K and U be
subsets of X with K compact, U open, and K < U. There is a function y € C.(X)
satisfying

1.0 y(x) <1 foreveryxe X

2. x(x) =1 foreveryx € K

3. The support of x is a subset of U.
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The proof of Theorem 1.3.2 begins with some elementary reductions to sim-
pler special cases. First, since L! functions can be approximated in L! by inte-
grable simple functions, it suffices to prove the theorem when f is a simple
function. Next, since an integrable simple function is a linear combination
of functions of the form yg, where E is a measurable set of finite measure, it
suffices to prove the theorem when f = yg. Therefore, Theorem 1.3.2 will be
proved by establishing

Proposition 1.3.1. Let E be a measurable subset of R" with finite measure. Then
foranye >0 thereisa g e C.R"™) with [ |xyg—g|ldm<e

Proof. By regularity properties of Lebesgue measure, there are a compact set
K and an open set U such that K ¢ E c U and m(U\K) < €. By Lemma 1.3.2,
thereis a g € C. (R") such that 0 < g < 1 everywhere, g =1 on K, and g vanishes
outside of U. It follows that |g — y g| vanishes outside of U\K, and that {g — yg| <
1 on U\K. Therefore

flg—XEldm:f |g—)(E|dmsm(U\K)<g
U\K

O

Let us recall Lusin’s Theorem: Let f : R — C be measurable, , and suppose
that f vanishes outside a set of finite measure. Then for any € > 0 there is a
measurable set E with m(E) < € such that f |R,,\ s continuous.

1.3.4 Proof of Urisohn lemma

In this subsection, we’ll prove the version of Urysohn’s Lemma that we used in
the proof of Theorem 1.3.2. We'll work in a locally compact metric space (X, d)
We'll use the notation B, (x) for the open ball in X with center x and radius r

Lemma 1.3.3. Letxo€ X andr > 0. Thereisa y € C.(X) with
1.0=sy(x) <1 foreveryxe X
2. x(x) =1 for every x € B, (xo)
3. The support of x is a subset of Bz, (xo).

Proof. Let ¢ be the continuous function on R defined by ¢(f) =1forO<t<r

) =1- %(t— rforr<t< 37’, and ¢(f) =0 for t > % Let y(x) = ¢ (d (x, xp))

(] O
Proof of Lemma 1.3.2. Cover K by finitely many balls B; = By, (x;) such that

By, (x j) is a compact subset of U. Let x ; be the function obtained from Lemma
1.3.3withxo=xjandr=r;.Let¢p =) y;. Then
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1. ¢ is continuous on X;

2. The support of ¢ is a compact subset of U;

3. ¢ =0 everywhere, and ¢ =1 on K

Let y = min{g, 1}. Then y has all the required properties. O

1.3.5 Basicinterpolation theorems

The firstimportant interpolation theorem is the Riesz-Thorin interpolation the-
orem. To state this theorem we start with some notations.

Given any positive real numbers py, p1 with 1 < pg < p; < 0o, we denote by
LPo(R™) + LP*(R") the linear space

f:f=fo+ fi, foe IP°RY), fi e L' R™)}.
The norm in this space we define as follows

I fllLpo+Lr :f i;l£f1 I follLro + 1l fill ey

=Jo

Here the infimum is taken over all representations f = fy+ fi, where fy € LP*(R")
and fi € LP1(R™).
It is easy to see that LP° + LP! is a Banach space.

Theorem 1.3.3. (Riesz - Torin) Suppose T is a linear bounded operator from
LPo + LPY into L9 + L9 satisfying the estimates

IT fllzao < Moll fllro, f € LP,
(1.3.9) IT fllgan < Moll fllpe, f€LP.

Then for any t € (0,1) we have
(1.3.10) || Tf”th < Mo”f”LPt,
where

(1.3.11) l/pt = [/pl +(1- [)/po , l/qt = t/ql +(1- t)/qo.

Applying this interpolation theorem, one can derive (see [44]) the Young
inequality

(1.3.12) If*gllra<Iflllglra
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for1 < g <oo. Here
frgt= [ - ngmady

It is not difficult to derive the following more general variant of (1.3.12)

(1.3.13) If*gles<Ifllrrligler

forl/p+1/r=1+1/s.

Further, we turn to a weighted variant of Young inequality. For simplicity,
we consider only the continuous case. Let w(x), w;(x) and w»(x) be smooth
positive functions satisfying the assumption

(1.3.14) wx+y) <Cwi(x)wy(y).
Then the argument of the proof of Young inequality leads to

(1.3.15) lw(f *&lra < Cllwr fllpllwaglia

Indeed, we have the inequality

lw(x)(f * g)(x)| < Clw fl*|wagl)(x)

and (1.3.15) follows from the classical Young inequality.

Two typical examples of weights satisfying the assumption (1.3.14) are con-
sidered below.

Example 1. let w(x) =< x >® with s > 0. Then we can choose w; = w, = w
and the assumption (1.3.14) is fulfilled.

Example 2. Let w(x) =< x >° with s < 0. Then we take w; (x) =< x >7* and
wo(x) =< x>°.Again (1.3.14) is fulfilled.

To prove the Sobolev inequality we need more fine interpolation theorems
concerning the weak L? spaces. To define these weak spaces we shall denote
by p the Lebesgue measure. Given any measurable function f we shall say that
f € L%, if the quantity

(1.3.16) sup (£P pfx: | f(x0)| > t})”p
t

is finite. Note that the quantity in (1.3.16) is not a norm. This quantity is equiv-
alent to

Ry 1 1
(13.17) Iflp = sup mm“ﬂfumm%_+_:L
YA p(A)<oo A p pl

Problem. Show that the quantities in (1.3.16) and (1.3.17) are equivalent.
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We have the inclusion LP c L?, in view of the inequality
IF17, zfl | tlf(x)l”dxz tPulx: 1 > 8~ 117, .
X|= w
Example. The function |x|7™P is in Lﬁ,, but notin LP.

The following two theorems play crucial role in the interpolation theory.

Theorem 1.3.4. (Marcinkiewicz interpolation theorem) Suppose T is a linear
operator satisfying the estimates

IT£1l a0 < Mol Fll o
(1.3.18) IT£1l 0y < Mol Fll

withpo#p1,1<po#p1<ocoandl < qy # g1 <oo.
Then we have

(1.3.19) ITfllLa = Moll fllLe,
provided
(1.3.20) Up=tipi+Q=0/py , 1/g=tigi+1-0/qo

forsomete(0,1) andp < q.

Theorem 1.3.5. (Hunt interpolation theorem) Suppose T is a linear operator
satisfying the inequalities

ITfllzao < Mol fllLro
(1.3.21) ITfllgan < Mol fllLm

withl < py<pg<ooandl < q; < qo <oo. Then for any t € (0,1) we have
where

(1.323)  1lUpi=tlpi+10=0Ipo , 1/q:=tlgi+1—1)/qo.

As an application of the above interpolation theorems one can prove (see
[44]) the following generalization of the Young inequality

(1.3.24) If*gles <N fllrligllzr,

forl/p+1/r=1+1/s,1<p,r,s<o0.
After this preparation we can turn to the proof of the following Sobolev es-
timate.
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Lemma 1.3.4. Suppose0<A<n, feLPR"),ge L"R"), wherel/p+1/r+Ain=
2and1 < p,r <oo. Then we have

(1.3.25) f f i (x)“g(y)'d xdy < Clflwlgly

lx—y

Proof of Lemma 1.3.4 We know that (1.3.24) is fulfilled. Then for the left
hand side of the Sobolev inequality (1.3.25) we can apply the Hélder inequality
so we get

(1.3.26 [ 'fl(;”_'%d xdy < Clflplg = hily

with h(x) = |x|~". Now the application of (1.3.24) yields

(1.3.27) lg*hlly <lglerihll
provided

1 1 1
(1.3.28) —+l==+-

p ro 1

The example considered after the definition of the weak L” spaces shows that
the quantity || a|| 1L s bounded when Al = n. From this relation and (1.3.28) we
see thatfor2=1/p+1/r + A/n we have the Sobolev inequality.

1.3.6 Idea of abstract interpolation: Interpolation couples

Let Ap and A; are Banach spaces. Set A = (Ag, Ay). We shall call Ay and A;
compatible if there exists separable topological vector space 4, such that Ay U
Ay c 4. We can define

(1.3.29) A(A) = Agn Ay,
while for any compatible couple A = (A, A1) we can define
(1.3.30) Y(A)= Ag+ Ay ={a=ap+ a1, ap € Ay, a € Ay}.
Lemma 1.3.5. We have the properties:

e A(A) is a Banach space with norm || al 4, + | all a;;

e Y(A) is a Banach space with norm

lallsz =inffllagll 4, + llarll ;@ = ao + ar, ap € Ag, a1 € Ar}.



20

Definizione. Let Ay and A, are Banach spaces and A= (Ao, A1). The space F (A)
consists of all functions

f(z2):S={0<Rez=<1}— Z(A)
defined, continuous and bounded in the closed strip
S={0=<Rez=1}

analytic in the open strip
So={0<Rez< 1},

and satisfying
J}l_l:n f(Gj+iy)=0, j=0,1.

The interpolation space (Ay, A1)y for 8 € [0,1] consists of all a € >(A) such
that a = f(0) for some f € F(A). The corresponding norm is defined as follows

lalg =inf{ll fllF;a = f(@), f € F(A)}.

It is clear that (Ag, A1) is a Banach space.
One can show that

(1.3.31) AgnN Ay is dense in (Ag, A1)g.
Moreover, for f € Agn A; we have f € (Ap, A1)g and the following estimate

(1.3.32) 1 llcao,a05 < CIFILCIFIG,

is fulfilled.
The next Theorem gives an estimate of the norm of abounded operator with
respect to interpolation space.

Theorem 1.3.6. Let (A, A1) and (By, B) be interpolation couples and let T be a
bounded operator from Ay + Ay into By + By, such that T € L(A;, Bj) with norm
I TIIL(A].,B].) for j=0,1. Then forany 8,0 < 6 < 1 we have

T € L((Ag, A1)g, (By, B1)g))

with
1-6 0
1T f Ul Bo.Brs =< W pag, oy I TNz 4y, ) 1S Nl 0, A1 -
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Proof. Let f € (Ag, A1)g. Then there exists a function f(z) € F((Ap, A1)) so
that f = f(6). Consider the function

8@ =TI s I TN, Tf(2).

Then g(z) € F(By, By). Since

18D By < T 4 ) I TN, ) I T N Lict0,B0) I GG g

and
lgd+in)lg, = TIIL(AO BO)||TIIL(IXIHBI)||TIIL(AI,BI)IIf(it)IIAl,
we see that
I T fllBo,Br, = |l T||L(A0 BO)||Tllg(Al,Bl)||f||(A0,A1)9-

This completes the proof.
A trivial modification in the above proof shows that we have the following.

Theorem 1.3.7. Let (Ao, A1) and (By, By) be interpolation couples and let T (z) be
a holomorphicin Sy operator-valued function defined in the strip S and contin-
uous there. Suppose that for z € S we have that T (z) is a linear bounded operator
from Ay + Ay into By + By, such that T(j +it) € L(Aj, B;) with norm

sup I T(j +it)lrca;,B;) <00
teR

for j=0,1. Then for any 0,0 <0 < 1 we have

T(0) € L((Ao, A1)g, (Bo, B1)p))-
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1.4 Ideato define Distributions, why they are needed?

The purpose of this section is to recall some basic notions and properties of the
spaces , where the solutions of the PDE are defined.

The firstimportant space is C;°(R"). This space consists of all smooth func-
tions with compact support.

The space C{°(R") is nonempty linear vector space. Indeed, we can first
construct a smooth function f(x), such that f(x) =0 for x <0 and f(x) > 0 for
x > 0. For the purpose take

f( x) = e—l/x

for x > 0. Then f(x)f (1 — x) is a smooth function with support in the interval
[0,1].

Recall that the support of function f(x) defined for x € R" is the closure of
the set

{x: f(x) #0}.

Sometimes this space is called space of test functions and is denoted by D(R").
This space can be equipped with infinite number of semi norms. In fact, given
any integer N = 1 we define

(1.4.33) I fllny = max{|0% f(x)|;|a| < N},

where here and below 0% = 0%/ ---0y", @ = (a1,-++, @) is a multiindex and |a| =
ay+--+ap.

In order to work with a complete space, i.e. space where any Cauchy se-
quence converges to an element of the space, we have to define the topology
on Cg°(R") using all the collection of semi norms |.|| . To define a complete
topology the simplest way is to define the convergence of a sequence of func-
tions {f,}72, to zero. Recall that this sequence converges to zero if there exists
a compact set K such that supp fx < K for any integer k = 1 and || x|y tends
to 0 as k — oo for any integer N = 0. Applying the Arzela-Ascoli compactness
theorem one can check that the topology determined by this convergence is
complete.

We refer to [45] for a complete discussion of the topology on this space.

In a similar way one can consider the space C*°(R") consisting of all smooth
functions. Now we have the following family of semi norms.

I fllxy = max{|0” f(x)|;1x] < N, |a| < N},

The above family of semi norms enables one directly to introduce a complete
topology ( even one can introduce a complete metric).
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The weakest space, where we shall look for solutions of the nonlinear par-
tial differential equations, is the space of distributions D'(R") consisting of all
linear continuous functionals on C§°(R"). Given any distribution A we shall
denote by

<A f>

the action of the distribution (the linear functional) A on the test function f €
Cy°(R™). Itis clear that

Co°(R") < D'(R")
and

<A f >:fA(x)f(x)dx

for A € C°(R™).
A typical example of a distribution, which is not a test function, is the Dirac
delta function 6 defined by

<8, f>= f(0).

Since the space of distributions is the dual space to the space of test func-
tions, we choose the topology on the space of distributions to be the weak
topology on this dual space. This means that a sequence of distributions {A}77 |
tends to zero if for any test function f we have < Ay, f > tends to zero.

The space D' (R") equipped with this weak topology is a complete space.

Another useful characterization of the distributions is the following one. A
linear functional A on Cgo(R") is bounded if for any compact K < R” there exist
integer k = 0 and a positive real number C so that for any smooth function ¢(x)
with compact supportin K we have

|<A@>1<C > supld®p(x)l.

lal<k

Example. Let ¢(x) be smooth non-negative function such that ¢(0) > 0.
Given any € > 0, we can define the function

(1.4.34) @e(x) = "p(x/e).

Then it is easy to see that
limg, = co,
e—0

where
c= f(p(x)dx > 0.

Another fact for distributions is the meaning of the identity

A=0
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in the sense of distributions. This means
<AN,p>=0

for any test function ¢.
Anatural operation in the space of distribution is the differentiation defined

by
<A, f>=(-D'M<A0f>.

Then 0% A is a bounded linear functional on Cj°(R") provided A € D'(R™).
Problem 1.4.1. Given a distribution A on R with
A'=0
in the sense of distributions, find a constant ¢ such that
A=c
also in the sense of distributions.

A distribution u € S'(R") is called non negative ( u = 0) if < u, ¢ >= 0 for any
@ € S(R™).
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